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The present paper deals with the existence of fixed points for nonlinear 
operators in Banach spaces. 
Let E be a real Banach space, and C a closed bounded convex set in E. 
Schauder [15j proved that completely continuous operators (and for E 
reflexive also weakly continuous operators) from C into itself have fixed 
points. In [I4], Rothe showed that completely continuous operators from C 
into E have fixed points under a condition weaker than the one given by 
Schauder, namely that the boundary of C is mapped into C. Altman [I] 
proved that this condition can be further weakened as follows. Let B be a 
closed ball in E about the origin, 8B its boundary. Then a completely 
continuous mapping T of B into E has a fixed point provided that 
II x - TX 11’ 2 II TX 11’ - II x II2 
for all x in aB. 
Recently, Petryshyn [12], extending some results of Kaniel [II] for quasi- 
compact operators, obtained fixed-point theorems for the class of P-compact 
(projectionally compact) nonlinear mappings of B into E, which, for some 
classes of Banach spaces, includes the theorems of Schauder, Rothe, and 
Altman. 
The author of the present paper proved in [ZO] a fixed-point theorem 
for weakly continuous operators in reflexive Banach spaces, which includes 
Schauder’s theorem for weakly continuous operators and a theorem of 
Altman [2] that establishes the existence of a fixed point for a weakly 
continuous operator T from a ball B about the origin of a Hilbert space H 
into H satisfying the condition 
(TX, 4 < II x II2 
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for all x in aB. (Apparently unaware of this Altman theorem, Shinbrot 
reestablished the same result in [16].) 
This paper arose from the attempt to unify our results in [IO] with 
Petryshyn’s theorem. At the time we wrote [IO], we were not aware of 
Petryshyn’s results. Here we use ideas from [IO] and obtain a fixed-point 
theorem for a large class of nonlinear mappings. We have called them 
Galerkin approximable operators or for short G-operators, after a suggestion 
of R. Beals. Under suitable hypotheses on E, this class contains the com- 
pletely continuous operators, the weakly continuous operators, and the 
P-compact operators in the sense of Petryshyn [Z2]. It also includes operators 
of the form I - A, where A is J-monotone [8], provided the space E has a 
weakly continuous duality mapping. Consequently, for this type of Banach 
spaces, nonexpansive mappings [4] are G-operators. The Banach spaces with 
which we work in this paper are required to satisfy a condition that we have 
named (Z-J in [ZO]. This seems to be a rather mild restriction and all Banach 
spaces that appear in the applications satisfy it. 
Unlike the proofs of Schauder, Rothe, and Altman we use here the 
Ritz-Galerkin approximation method. This method has been recently used 
for similar purposes by Polsky [13], B rowder in his papers on monotone 
operators (see for instance [A), Petryshyn [12], and the author [IO]. 
1. THE MAIN THEOREM 
DEFINITION 1. A Banach space E is said to have property (ml) if there 
exists a family of jinite-dimensional subspaces {F,}, 01 E A, such that 
(i) Given any two such subspaces, there exists a third one that contains 
both, (i.e., the set {FW} is a directed set under inclusion). 
(ii) The union of all the F,‘s is dense in E. 
(iii) Corresponding to each F, there exists a projection P, whose range is 
F, and the norm 1) P, 11 = 1. [By projection here we just mean an idempotent 
(P2 = P) bounded linear operator in E]. 
Banach spaces with property (~~1) have been used in [IO]. Hilbert spaces 
(separable or not), Banach spaces with a monotone Schauder basis [9], and 
the space C[O, l] of continuous functions with the sup-norm, all have 
property (nr). As shown in Browder-deFigueiredo [8], D’(m), 1 < p < co, 
for a o-finite measure m, has property (z-i). It is an interesting question 
either to prove or disprove that all Banach spaces have this property. We 
remark that no reflexivity or separability condition is assumed in the above 
definition. If  E is separable then (1 can be chosen as the set of the integers. 
In this case the family (F-} can be taken as a linearly ordered set. 
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Let C be an arbitrary bounded closed convex set in a Banach space E. 
DEFINITION 2. A mapping T : C -+ E, where E is a Banach space with 
property (.rr,), is said to be Galerkin-approximable (or, for short, a G-operator) if 
(i) P,T: CnF, -+ F, is continuous for every OL E A. 
(ii) The solvability of P-TX = x in F, for all but a Jinite number of a 
implies the solvability of TX = x in E. 
Let p(r) be a nondecreasing continuous real-valued function defined for 
0 < r < co such that p(O) = 0 and p(r) --+ co as r -+ co. Such a function 
is called a gauge function. Let E be a Banach space. 
DEFINITION 3. A duality mapping in E with gauge function p is a mapping 
J from E to the set 2E’ of all subsets of the dual space E’, such that J(0) = 0 
and for x # 0, 
Jx = {Y’ 6 E’ : (~9 Y’> = II x II II y’ IL II Y’ II = 4I x ID> 
(cf. Browder [5]). By the Hahn-Banach theorem, Jx # ~zr. I f  E’ is strictly 
convex Jx contains just one point; and then J is a mapping from E into I?‘. 
J is in general nonlinear. I f  E is a Hilbert space J is the identity mapping 
if one takes p(r) = r. 
Our main theorem reads as follows. 
THEOREM 1. Let E be a Banach space with property (vl). Let T : C --+ E 
be a G-operator where C is a bounded closed convex set in E. (The origin belongs 
to the interior of C n F, for all but a Jinite number of a.) Let J be a duality 
mapping in E with gauge function t.~. If 
(TX, J4 G II x II dll x II) 
for every x in the boundary X’ of C, then T has a Jixed point in C. 
(1) 
2. DUALITY MAPPINGS AND PROPERTY (nl) 
Let E be a Banach space with property (or). Denote by N(P,) the nullspace 
of P, . The range of P, is of course F, . The adjoint operator P,’ of P, is a 
projection of norm 1 in E’. The range of P,’ is 
and its nullspace is 
W,‘) = W(PJO 
N(P,‘) = (F,O,“. 
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We explain the notation. If  M is a subspace of E we denote by MO its polar 
set, i.e., the set of continuous linear functionals y’ E E’ such that (x, y’) = 0 
for all x E M. It is easy to prove that R(P,‘) is finite-dimensional, and indeed 
its dimension is equal to the dimension of F, . 
In this section we present three lemmas. The first two are true in any 
reflexive Banach space with property (ml). The third one seems to be true 
only for spaces with the additional property of having a strictly convex dual. 
LEMMA 1. Let E be a Banach space with property (z-~). Then for every x 
in F, the following inclusion holds: 
P,‘(Jx) cJx. 
Proof. Let y’ E Jx. Then we have 
(x3 P,‘yl) = (P&Y’) = (XYY’) = II x II /-a x II). 
From (2) it follows that 
II Pi,’ II 3 dll x II>* 
On the other hand, 
(2) 
II PiY’ II G II Y’ II = PL(ll x II)- 
So 1) Pa’,’ 11 = ~(11 x 11). This together with (2) implies that Pol’y’ E Jx. 
COROLLARY 1. If  in addition to the hypothesis of Lemma I we assume that 
E’ is strictly convex, then P,‘Jx = Jx. 
Proof. As remarked previously Jx contains just one point in this case. 
So the result follows immediately from Lemma 1. 
LEMMA 2. Let E be a reflexive Banach space with property (~~1). Then 
W’,‘) C JPa). 
Proof. Let y’ E R(P,‘). By the Beurling-Livingston theorem (see 
Browder [.5]) it follows that 
J(F,) n (W’cc’) + Y'> f: 0. 
Thus let x E F, and z’ E iV(P,‘) such that z’ + y’ E Jx. Then P=‘(z’ + y’) = 
y’ E Jx. This concludes the proof. 
LEMMA 3. Let E be a re$exive Banach space with property (rl). Suppose 
that E’ is strictly convex. Then the union Uoren R(P,‘) is weakly dense in E’. 
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Proof. By the Beurling-Livingston theorem [5], the duality mapping 
J : E -+ E’ is surjective. (This is just Theorem 3.1 of [.5] with Y = E.) 
Let y’ be an arbitrary element in E’. So there exists an x in E such that 
Jx = y’. Since VFW is dense in E, there exists a sequence {xn}, x, EF,, such 
that x, ---f x. By Corollary 1, Jxn E R(P,‘). Since / is continuous from the 
norm-topology of E to the weak topology of E’ (see [6]), it follows that Jxn 
converges weakly to y’. The proof is complete. 
3. GALERRIN APPROXIIUBLE OPERATORS 
In this paragraph we give some examples of G-operators. Since the 
terminology used by the various authors is not uniform, we give some 
definitions. Let E be a Banach space and T : E + E a nonlinear mapping. 
We denote weak convergence by - to distinguish it from + which denotes 
convergence in the norm-topology. T is completely continuous if it is con- 
tinuous and maps bounded sets into precompact sets. T is strongly continuous 
if X, - x implies TX, -+ TX. T is weakly continuous if x,, - x implies 
TX,, - TX. 
From now on, let us suppose that the Banach space E has property (nr). 
Let C be a bounded closed convex set in E. We will consider mappings T 
of C into E. 
PROPOSITION 1. In a separable Banach space E, every completely continuous 
operator T : C + E is a G-operator. 
Proof. First of all we observe that the continuity of P,T is immediate. 
Suppose that for n > no the equation P,Tx = x has a solution x, E C n F, . 
By the complete continuity of T it follows that there exists a subsequence 
of {xn}, which we denote again by {xn}, such that TX, -+y. We will prove 
that this implies P,Tx, -+ y. (See Lemma 4 below). Then x, -+ y. By the 
continuity of T we have TX, -+ Ty. We conclude then Ty = y. So to 
complete the proof of the proposition 1 it remains to prove 
LEMMA 4. TX,, -+ y implies P,,Tx, -+ y. 
Proof of Lemma 4. We first observe that for any x in E and all z in F,, , 
the following inequality holds: 
II x - p?P II < 2 II x - .zf Il. (3) 
Now we write 
II P,Tx, -Y II < II P,Tx, - Pn%z II 
+ II PmTx, - TX, II + II Txm -Y /Iv (4) 
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where m is an integer. The first term in the right-hand side is estimated 
by 11 TX, - TX, (I. Now given E > 0 we choose n, such that the first and 
the last terms in the right-hand side of the above expression are less than & 
for n 3 n, and m = n, . Now for m = ni there exists a n2 such that for 
every n > na there is x EF, such that (( z - TX,,, /I < &. By (3) it follows 
that the middle term in the right-hand side of (4) is also less than be. This 
concludes the proof of Lemma 4. 
COROLLARY 2. In a separable reflexive Banach space E, every strongly 
continuous mapping T : C -+ E is a G-operator. 
Proof. This is a consequence of the fact that, in reflexive Banach spaces, 
strong continuity implies complete continuity. 
PROPOSITION 2. In a separable rejlexive Banach space E, every weakly 
continuous mapping T : C + E is a G-operator. 
Proof. The continuity of P,T is immediate. Suppose that for n > no 
the equations P,,Tx = x are solvable in F,, . Let x,, E C n F,, be its solution. 
By the reflexivity of E ix,,} contains a weakly convergent subsequence, denote 
it by {xn} again. By the weak continuity of T we have that x, - x implies 
TX, - TX. Now let y’ be an arbitrary element in u R(P,‘). Let no be such 
that y’ E R(PAO). So for n > n, we have 
(TX, BY') = (TX,, P,‘Y’) = (PJx, ,Y') = (x, ,Y'). 
Taking weak limits it follows that 
(RY') = by'). 
Using Lemma 3 it follows that TX = x. The proof is complete. 
In [12], Petryshyn introduced the concept of P-compact operator. He 
supposes that the Banach space E has an increasing sequence of finite- 
dimensional subspaces F, whose union is dense in E and each one is the 
range of a projection P, of norm <K. Let B be a ball with center at the 
origin. A mapping T : E -+ E is P-compact if P,,T is continuous for all 
large n, and if-whenever for some constant p > 0 and any bounded 
sequence (xn} with x, E F,--the sequence P,,Tx, - px,, is strongly convergent, 
then there exists a strongly convergent subsequence {x,,,} and an element x 
in X such that x,, -+ x and P,,Tx,, -+ TX as nl + co. It is immediate 
that the following I;‘oposition is &ue. 
PROPOSITION 3. In a separable Banach space with property (x1) every 
P-compact mapping is a G-operator. 
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In a Banach space E with duality mapping J, a nonlinear mapping A is 
said to be J-monotone if 
(Ax - AY, I@ - y)) 2 0 
for all x and y  in E. (see [A). 
PROPOSITION 4. Let E be a reflexive Banach space with property (rrl) such 
that E’ is strictly convex and the duality mapping J : E + I?’ is both continuous 
and weakly continuous. Then every operator of the form I - A, where A is 
J-monotone and continuous from the strong topology of E to the weak topology, 
is a G-operator. 
Proof. This proposition is part of the statement of Theorem 3 of 
Browder-deFigueiredo [a]. 
A mapping T : C -+ C is nonexpansive if I] TX - Ty Ij < 11 x - y II for 
all x and y  in C. 
COROLLARY 3. Let E be as in proposition 4. If T is a nonexpansive mapping, 
then T is a G-operator. 
Proof. It is easy to verify that I - T is a J-monotone operator. So T 
is of the form required in the Proposition 4. 
4. THE FINITE-DIMENSIONAL CASE 
In finite dimension, a stronger version of Theorem 1 holds true. Namely, 
THEOREM 2. Let E be a Jinite-dimensional Banach space E. Let p be a 
gauge function and let T : C --+ E be a continuous operator from a bounded 
closed convex set C in E into E (0 belongs to the interior of C). Suppose that 
for every x in the boundary K of C there exists v’ E E’ such that 
(x9 4 = II x II 411 * II), (TX> v’> d II x II P(II x II). 
Then there exists x0 in C such that TX, = x,, . 
Proof. To prove this result we shall prove that (I - T)x = 0 has a 
solution in C. To do this let us consider the homotopy 
Tt = t(I - T) + (1 - t)I = I - tT. 
We can, without loss of generality, suppose that T,x # 0 for all x in X, 
because otherwise T would have a fixed point in C and the theorem would 
be proved. 
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Now we prove that T,x # 0 for all x in aC and 0 < t < 1. In fact for x 
in aC we have 
(Ttx, ~‘1 = (x, ~‘1 - Vx, v’> 3 II x II ~(11 x II) - t II x II Al x II) > 0 
for 0 < t < 1. 
So the degree of Tt at 0 as a mapping in C is constant for 0 < t < 1. 
As the degree of T,, = I is 1 it follows that the degree of Tl = I - T is 
also 1. Then there exists x,, in C such that (I- T)x, = 0. This completes 
the proof of the theorem. 
5. PROOF OF THEOREM I 
Let F,(resp P,) be the finite-dimensional subspaces (resp the projections 
on F, of norm (1) singled out in the definition of a Banach space with 
property (~~1). Consider for each OL the mapping T, = P,T. Such a mapping 
is continuous because T is a G-operator. Now let x E aC n F, . We will 
prove that for all such an x there exists v’ E F,’ such that 
(x, 4 = II x II 4 x II), (Tax, 4 < II x II ,4II x II>. (5) 
Let us assume (5) for a moment and complete the proof of the theorem. 
So we can apply Theorem 2 and conclude that for all (Y the equation Tax = x 
is solvable in F, . Since T is a G-operator it follows the existence of a fixed 
point of T in C. So to complete the proof of the theorem we need only to 
prove (5). Given x in X n F, , let y’ be any element of Jx C E’. Put 
v’ = y’ 1 F, . So v’ E F,’ and we have 
(x3 v’) = II x II #a x II)* (6) 
Now 
( Tex, d) = (Tax, y’) = (P,Tx, y’) = (TX, Pa’y’). 
Since Pw’y’ E Jx (in virtue of Lemma 1) it follows from Condition (1) of 
Theorem 1 that 
(TA 4 G II x II dll x II). 
Thus (5) is established and Theorem 1 is proved. 
Now we show that in the type of Banach spaces we are working on many 
of the well-known fixed-point theorems are consequences of our Theorem 1. 
We assume that the origin belongs to the interior of C in the following 
results. 
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COROLLARY 4 (Schauder). Let E be a separable Banach space with property 
(rl). Let T be a completely continuous operator of a closed bounded convex 
set C of E into itself. Then T has a fixed point. 
Proof. This is a straightforward consequence of Theorem 1, and 
Proposition 1. Condition (1) of Theorem 1 is easily verified, 
(TX, 1x1 d II TX II II Jx II < II x II A x II). 
COROLLARY 5. (Schauder). Let E be a reflexive separable Banach space 
with property (z-1). Let T be a weakly continuous mapping of C into itself. 
Then T has a fixed point. 
Proof. As in the preceeding case, using Proposition 2 this time. 
COROLLARY 6 (Rothe). Let E be a separable Banach space with property 
(rrl). Let T be a completely continuous operator of C into E such that the 
boundary HZ’ of C is mapped by T into C. Then T has a jixed point. 
Proof. As in the two previous cases. Just observe that Condition (1) of 
the theorem is a statement about the behavior of T at the boundary of C. 
COROLLARY 7 (Petryshyn). Let E be a separable Banach space with 
property (rI). Let T : C -+ E be a P-compact operator. Suppose that Condition 
(1) is satisfied. Then T has afixedpoint. 
Remark. As a matter of fact, Condition (1) is stronger than the condition 
required by Petryshyn [22] for C = B, a ball with center at 0: either (a) if, 
for some x E aB the equation TX = OLX holds, then OL < 1; or (b) if, for 
some x E aB the equation TX = 01x holds, then (Y 2 1. As a consequence 
of this fact, Petryshyn’s theorem includes Altman’s theorem for completely 
continuous operators, and our theorem seems not to contain such a result. 
COROLLARY 8. Let E be a separable reJEexive Banach space with property 
(rl). Let T : C + E be a weakly continuous mapping. Suppose that 
(TX, Jx) < II x II 1-4 x II>, XEX. 
Then T has a fixed point in C. 
Proof. A consequence of Theorem 1 and Proposition 2. 
Remark. In [IO] the result obtained is slightly different in the sense that 
no separability is required there and it is E’ that is required to have 
property (4 
280 GUEDES DE FIGUEIREDO 
COROLLARY 9 (Browder-deFigueiredo). Let E be a reflexive Banach space 
with property (7~~). Suppose E’ is strictly convex and the duality mapping 
J : E -+ E’ is both continuous and weakly continuous. Let T : C -+ E be a 
continuous operator from the strong topology of E to the weak topology. Suppose 
that T = I - A where A is a J-monotone operator. If 
0”~s J4 < II x II ,4Il x II), x6ac, 
then it follows that T has a fixed point in C. 
Proof. A consequence of Theorem 1 and Proposition 4. 
COROLLARY 10 (Browder). Let E be a reflexive Banach space with property 
(rl). Let E’ be strictly convex and the duality mapping J : E + E’ be both 
continuous and weakly continuous. Let T : C -+ C be a nonexpansive mapping. 
Then T has a fixed point. 
Proof. Use Theorem 1 and Corollary 3. 
Remark. Corollary 10 has been established by Browder [q for a more 
general class of Banach spaces, namely for all uniformly convex spaces. 
His proof uses a transfinite argument. 
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